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p ^ ' , paraboHc equations such that the matrix of the higher order coefficients is included into 
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<~i . achieved by variations of the zero order coefficient. As an example of applications, an asymp- 

' totic estimate was obtained for the gradient at initial time. The constant in the estimates is 
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'. 1 Introduction 
> . 

^ I We study Dirichlet boundary value problems for linear parabolic equations. The classical results 

^ give estimates for Sobolev norms of the solution via the L2-norm of the nonhomogeneous term 

(see, e.g., the second energy inequality (4.56) in Ladyzhenskaia (1985), Chapter HI). We suggest 
a modification of this estimate for weighted Sobolev norms such that the matrix of the higher 
order coefficients is included into the weight for the gradient. We found the limit upper estimate 
that can be achieved by variations of the zero order coefficient. More precisely, we obtain 
estimates for e~^^u{x,t) via L2-norm of e~^^h{x,t), where u{x,t) and h{x,t) is the solution 
and the nonhomogeneous term respectively, and where K > is being variable. As an example 
of applications, an asymptotic upper estimate was obtained for a weighted L2-norm of the 
gradient at initial time. The constants in these estimates are the same for all possible choices of 
the dimension, domain, time horizon, and the coefficients of the parabolic equations, i.e., these 
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estimates can be called universal estimates. As an another example of applications, we establish 
solvability and regularity for special parabolic equations such that the gradient is included with 
time delay. 

2 Definitions 

Spaces and classes of functions. 

We denote by | ■ | the Euclidean norm in and the Probenius norm in R*^'", and we denote by 
II • \\x the norm in a linear normed space X. We denote by (-, ■)x the scalar product in a Hilbert 
space X. For a Banach space X, we denote by C{[a,b],X) the Banach space of continuous 
functions x : [a,b] ^ X. 

We are given an open domain D C R" such that either D = R" or D is bounded with 
C^-smooth boundary dD. 

Let r > be given, and let Q = D x (0, T). 

We denote by W2^{D) the Sobolev space of functions that belong to L2{D) together with 
the distributional derivatives up to the mth order, m > 0. 



Let = L2{D), and let =W^ (D) be the closure in the W^{D)-noTm of the set of all 
smooth functions u : D such that u\gD = 0. Let H'^ = W2{D) n be the space equipped 
with the norm of VFf (-D). The spaces are Hilbert spaces, and is a closed subspace of 
W^{D),k = 1,2. 

Let H^^ be the dual space to H^, with the norm || • H/z-i such that if u € then 
is the supremum of (u,w)f{o over all w € such that Hi^H//! < 1. is a Hilbert space. 

We will write {u,w)ho for u € and w € H^, meaning the obvious extension of the 

bilinear form from u £ and w E H^. 

We denote by £i the Lebesgue measure in R, and we denote by Bi the cr-algebra of Lebesgue 
sets in R^. 

For A; = —1, 0, 1, 2, we introduce the spaces 
We introduce the spaces 

y'' = x''nc''-\ k>o, 

with the norm ||u||yfe = ||ii||x'= + ll'"llc'=-i- 
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We use the notations 



Vu 



du du 



; o ! • • • 5 



dxi ' 8X2 



du 
dx„ 



1=1 



for functions u : R" R and U = {Ui, . . . , Un)^ '■ R" — > R". In addition, we use the notation 



{U,V)HO=^iUi,V,)HO, \\U\\jjo = iU,U) 



1/2 
HO 



i=l 



for functions U,V -.D^IC, where U = iUi,..., Un) and F = (Vi, . . . , K). 



The boundary value problem 

We consider the problem 



^ = Au + h, te{0,T), 



' o O o 



1=1 j=i 



(2) 



0) = 0, u{x, t)\^(zSD = 0. 

Here u = u{x,t), {x,t) G Q, h & L2{Q), and 

d , 5y 

'^J' i=i 

where : R" x [0,r] ^ R"^", : R" x [0,r] ^ R", and X{x,t) : R" x [0,r] ^ R, 

are bounded measurable functions, and where bij,fi,Xi are the components of b,f, and x. The 
matrix 6 = 6^ is symmetric. 

To proceed further, we assume that Conditions [T][5] remain in force throughout this paper. 



Condition 1 There exists a constant 5 > such that 

e^6(x, t) e > ^lep ve g r", (x, t) g g. 



(3) 



Condition 2 T/ie functions b{x,t) : R" x R ^ R"^", f{x,t) : R" x R ^ R", X{x,t) : R" x 
R — > R, are differentiable in x, the function b{x, t) is dijjerentiable in t, and the corresponding 
derivatives are bounded. 

We introduce the sets of parameters 



^ = (r,n, D, 6(.),/(-),A(-)), 



V = r{fi)= {T,n, D, 5, esssvip(\b{x,t)\ + \f{x,t)\ + \X{x,t)\+ |^(x,t) + 

{x,t)eQ ^ '^^ '^^ 



+ 



dX 
dx 



{x,t) 



+ 



db 
di 



ix,t) 



3 



3 Special estimates for the solution 

By the classical solvability results, there exists a unique solution u of problem ([T]) for any 
h € L2{Q) (see, e.g., Ladyzhenskaia (1985), Chapter III, §§4-5). Moreover, the second energy 
inequality gives that, for any G R and M > 0, there exists a constant C{K, M^V) > such 
that 

e-2^*(Vn(-,t),6(-,t)Vn(-,t))H0 



+M 



e-2^*||n(-,t)||^0 + [\-^'''{Vu{;s),b{;s)Vu{;s))H0ds 

Jo 



<C{K,M,V) f e-^^'\\h{-,s)\\]jods V/iGL2(Q), t G (0,r], (4) 
Jo 

for any solution u of problem ([T|). This estimate follows immediately from inequality (4.56) from 
Ladyzhenskaia (1985), Chapter III, and from obvious estimates 

e-'^^\\/w,b{-,t)\Iw)HO < ci\\w\\j^i, \\w\\j^o < C2e-'^^^\\w\\j^o Vt G [0,r], 

for any w G and w G respectively, where ci = esssup^.^^ |6(x,t)| and C2 = e^^'^ . 

Let C{K, M, V) = inf C{K, M, V), where the infimum is taken over all C{K, M, V) such that 
(HI) holds. 

Theorem 1 

sup ■miC{K,M,V{fi))<\. 
Corollary 1 For any fi and e > 0, there exists K = K{e,V{fi)) > such that 

sup e-2^^(V<,s),6(-,s)Vn(-,s))j,o < (l + e) f e-^'''\\h{;s)\\%,ds 

v/i G L2(g), t G (o,r], 

where u is the solution of problem (OP for the corresponding h. 

Remark 1 For the case of a non-divergent operator Au = bijUx^xj + fiUx^ + Aii, the differen- 
tiability of the coefficients in Condition can be weakened using the approach from Dokuchaev 
(2005). 
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4 Applications: asymptotic estimate at initial time 



Let 



The condition that h G is not restrictive for h G X^; for instance, it holds if t = is a 
Lebesgue point for ||/i(-,i)||^o- 



Theorem 2 For any admissible set of parameters fi, 



l {Vu{;t),b{;t)Vu{;t))HO ^ 1 

hexot \\H;0)\\lo -2 



hm t^o+ sup 11^^ ^^1,2 < n ! (5) 



where u is the solution of problem (fTP for the corresponding h. 

5 On the sharpness of the estimates 

Theorem 3 There exists a set of parameters (n, D,b{-), f{-), X{-)) such that, for any T > 0, 
M >0, 



inf C(i^,M,P(^)) = i (6) 

K >U Z 



forfi = {T,n,D,bi-),fi-),Xi-)). 



Theorem 4 There exists a set of parameters (n, D, /(•), A(-)) such that 



l {Vu{;t),b{;t)Vu{;t))HO ^ 1 
h7xot \\H;0)\\lo 2 



hm i^0+ sup 7 III./ nM|2 = o I (7) 



where u is the solution of problem (Op for the corresponding h. 

6 Applications: parabolic equations with time delay 

Theorem [T] can be also applied to analysis of parabolic equations with time delay. These equa- 
tions have many applications, and they were intensively studied, including equations with delay 
operators of a general form defined on the path of past values (see, e.g., Batkai and Piazzera 
(2001), Pao (1997), Poorkarimi and Wiener (1999), Stein et al (2005), and references here). 
We use Theorem [1] to obtain sufficient conditions of solvability in for the special case when 
the first derivatives of solutions are affected by time delay represented by a general measurable 
function. As far as we know, this case was not covered in the existing literature. 
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Let t(-) : [0, r] ^ R be a given measurable function such that r(t) G [0,t]. Non-monotonic, 
piecewise constant, or nowhere continuous functions t(-) are not excluded. 
For functions it : Q — > R, we introduce the following operator 

Bu = I3{x, T{t)yVu{x, T{t)) + /3(x, r(t)) u{x, T{t)). (8) 

We assume that the functions j3 : R" x [0, T] R" and /3 : R" x [0, T] ^ R are bounded and 
measurable. 

Let us consider the following boundary value problem in Q: 

at 

n(x, 0) = 0, u(x, t) \x(idD = 0. 
Here A is such as defined above. 

Theorem 5 Assume that there exists a constant 5i > such that 

r|^^/3(x,t)p < (2-(5i)e^6(x,t)C G R", G D X [0,r]. (10) 

Then there exists a unique solution u G Y'^ of problem (0j for any h G L2{Q), and ||w||y2 < 
c||^IIl2(Q)' where c is a constant that depends only on V, 5i, and sup^,^^ \P{x,t)\. 

Theorem 6 Assume that there exists 6 G [0,T) such that T{t) = for t < 9. Assume 
that the function r(-) : [0,T] ^ H is non- decreasing and absolutely continuous, and 5* = 
esssup(g[g y] |^(i)| ^ < +00. Then there exists a unique solution u G of problem ^ for 
any h G L2{Q), and ||u||y2 < c* ||/i||j;,2(Q)) where is a constant that depends only on V, 5^, 
suPa;,t \(3{x,t)\, and sup^.^^ 

7 Proofs 

Lemma 1 For any admissible fi and any e > 0, M > 0, there exists K = K{e, M,V{n)) > 
such that 

{Vu{;t), b{;t)Vu{;t))HO +M(^\\u{;t) \\jjo + ^ {Vu{; s),b{; s)Vu{; s))i^o(is^ 

- (^+^)/V(-,s)ll?^ods (11) 
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for all K > K{e, M, V), t & (0, T], and h G L2{Q), where u £Y'^ is the solution of the boundary 
value problem 



^ = Au-Ku + h, te(o,r), 

u{x, 0) = 0, u{x, t) l^^dD = 0. 



(12) 



Uniqueness and existence of solution u S of problem (I12p follows from the classical results 
(see, e.g., Ladyzhenskaia (1985), Chapter III). 

Proof of Lemma{^ Clearly, A = As + Ar, where 



n n n 
O 



1=1 j=i ■> 



du 



du 



S7-{bVu), An = ^/i— + An. 



i=l 



Assume that the function h{-,t) : D ^ R is differentiable and has a compact support inside D 
for all t. We have that 



(Vn(-, t), b{;t)Vu{;t))HO - (Vtt(-, 0), hi; 0)Vn(-, 0))ho 











HO 



= 2 [ {Vu,bV{Au- Ku + h))fjods+ [ (vu,^Vu) ds 

Jo Jo \ J HO 

= 2 [ {Vu, 6V(V • (6V'u)))^o ds + 2 [ (Vu, bVAru)jjo ds 
Jo Jo 

-2K I {Vu,bVu)Hods + 2 [ {Vu.bVh) jjo ds + [ (vu,^Vu] ds. 

Jo Jo Jo V OS J fjo 

Let an arbitrary > be given. We have that in under the integrals in ()13p . 



^ db„ , 

Vn, TT-Vu < ess sup 



dt 



HO 



x,t 



db 



'x,t) 



Vull^O < 4(Vn(-, t), b{;t)Vu{;t))HO , 



(13) 



(14) 



where = c'^{V) is a constant that depends on V only. Further, 

2(Vu,6V/i)^o = -2(V • (6Vu),/i)^o < --^—{Vu,bVu)jjo + ( ^ + ^0 ) Mho 



(15) 



Let a bounded measurable function v{x, t) : Q — > R be such that b = v^v. We have that 



2 (Vn, b'VAru)HO = 2 (vVu, v\7Aru)jjo < ll'^^^^ll/fo + ||nV^r^i||ffO Vei > 



It follows that 



2 (Vn, 5V^r'u)//o ^ ^1 ^(Vn, bVu)H0 + ci^i ||n|||f2 



where ci = ci{V) is a constant that depends on V only. By the second fundamental inequality, 
there exists a constant c* = c* (V) > such that 

/ s)||^2 < / \\h{-,s)\\]jods. (16) 

JO Jo 

(See, e.g., estimate (4.56) from Ladyzhenskaia (1985), Chapter III). By Lemma 5.3 from Dokuchaev 
(2005), one can choose the same constant c* for all t G [0,T], K > 0. Hence 

£0 / imlods, (17) 
Jo Jo Jo 

where ei > is such that cic^^ei = Eq. 

By Lemma 5.2 from Dokuchaev (2005), p. 357, it follows that there exists Ki = Ki{eQ, M, V) > 

such that if > Ki, then 

M sup ||u(-,s)||^o < £0 / \\h{-,s)\\jjods. (18) 
se[o,t\ Jo 

Assume now that D = R". In that case, we have immediately that 

2 (Vu, 6V(V • {bVu)))jjo = 2 (6Vn, V(V • (5Vu)))^o = -2 (V • (6Vn), V • {bVu))jjo 

= -2|1V- (6Vn)||^o. (19) 

The third equality here was obtained using integration by parts. 

By ([nD-dUD, it follows that ii K > Ki and 2K > e^^ + + M, then 

{Vu{;t),b{;t)Vu{;t))HO + M(\\u{;t)\\]jo + [ {Vu{- , s) , b{- , s)Vu{- , s)) hO ds 

< 







l + 2eo 



2)^ \\V-{bVu)\\]jods+{e^^ + Cs + M-2K) \\vVu\\]jods 



1 \ r' . /I ^ 



Then the proof of Lemma [T] follows for the case when D = R" , since (j20p holds for all h from a 
set that is dense in L2{Q). 

To complete the proof of Lemma [TJ we need to cover the case when D 7^ R" . From now 
and up to the end of the proof of this lemma, we assume that D 7^ R". In that case, (I19p does 
not hold, since the integration by parts used for the third inequality in p9|) is not applicable 
anymore. To replace ()19p . we are going to show that there exists a constant C = C{V) > such 
that, for an arbitrarily 82 > 0, 

(Vn,6V(V ■ (6Vu)))^o < - ||V • (6Vu)||^o + e2||n||^2 + C e^'^ . (21) 



Assume that ipi]) holds. Since D is bounded, we have that ||m||^i < csiyu^hVu^^Q for some 
constant = cs{V). In addition, (fT5]) is still valid, since we assumed that have support 

inside D. Similarly to (l20|), we obtain that if 2K > e^^ + c'^ + Ccse^^ + M and K > Ki, then 



(Vu{;t),b{;t)S/u{;t))HO + M 



u{-,Who+ / iVu{-,s),bi-,s)Vu{-,s))Hods 



< 



l + 2eo 



\V ■ {b\/u)\\]jods+[e^'^ + c's + M -2K] / (Vn(-, s), s)Vu(-, s))j:^ods 



+ (^ + 3eo)^ \\h{;s)\\lods + 2e2 \\u{; s)fH,ds + 208^^ \\ui;s)\\l^ds 



•,s)||^ods, 



where is the constant from (jl6p . Then the proof of Lemma [T] follows provided that (j2ip holds. 
Therefore, it suffices to prove (j2ip for D ^ R". 

Let us prove (|2ip . This estimate can rewritten as 



(ij;, V(V • w))jjo < - ((V • t(;),(V • t(^))jyo + e2||w||^2 + Ce^^Wufj^o, 
where w = hS/u. We have 

n „ 

(«;,V(V-u;))^o = -((V,'«;),(V-u'))^o + V / Jidz. 



f22) 



Here Jj = -z(V, z) cos(n, Cj), where n = n(s) is the outward pointing normal to the surface dD 
at the point s £ dD, and = (0, . . . , 0, 1, 0, . . . , 0) is the fcth basis vector in the Euclidean space 
R". We have that 

n n 
Ji = y ^ CHijkmJijkm + ^ ^ ^ijkmJijkm-: 



j,k,m=l 



j,k,m=l 



where 



and where aijkm, ct'-f^ are some bounded functions. 

Let us estimate Jidz. We mostly follow the approach from Ladyzhenskaya and Ural'tseva 
(1968), Section 3.8. Let = {x'-}^^^ € dD be an arbitrary point. In its neighborhood, we 
introduce local Cartesian coordinates Um = Y12=i ^mki^k — x^k) such that the axis yn is directed 
along the outward normal n = n(xo) and {cmfc} is an orthogonal matrix. 

Let yn = ■0(yi, • • • , Vn-i) be an equation determining the surface dD in a neighborhood of 
the origin. By the properties of the surface dD, the first order and second order derivatives of the 
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function ^p are bounded. Since {cmk} is an orthogonal matrix, we have x^ — = CkmUm- 
Therefore, cos(n, em) = c„m, m = 1, . . . , n. Then 

1=1 



n Q n 



au 



du 



p,q=l 



The boundary condition u{x,t)\x£dD = can be rewritten as 

u{yi, . . . ,y„_i,V'(yi, • • ■,y''~^),t) = 

identically with respect to yi, . . . , Un-i near the point yi = . . . = yn-i = 0. Let us differentiate 
this identity with respect to yp and yq, p,q = 1, . . . ,n — 1, and take into account that 



dip 



0, _p = 1, . . . ,n - 1. 



at xq. Then 



du ^ d'^u du d'^tp du d'^tp 

dyp ' dypdyq dyndypdyq dndypdyq 



, p,q = l,...,n-l. 



Hence 



JdD JdD , , JdD 



2 n 



j,k,m=l ' 



^ f du \ ^ f 

JdD dn .^^Jd 



d'^u 



dxidxj 



{x,s) 



dx + C2{l + e^^)\\u{;s)\\l^ Ve2>0 (23) 



for some constants Cj = Ci{V). The last estimate follows from the estimate (2.38) from Ladyzhen- 
skaya and Ural'tseva (1968), Chapter II. By ([22]) and ([23]), it follows dH]). This completes the 
proof of Lemma [TJ □ 

Proof of Theoremm Clearly, u{x,t) = e^*n/^(x,t), where u is the solution of problem ([T|) 
and UK is the solution of (jl2p for the nonhomogeneous term e~^*h{x,t). Therefore, Theorem[T] 
follows immediately from Lemma [TJ □ 

Corollary [1] follows immediately from Theorem [TJ 

Proof of Theorem\^ Let e > be given. By Corollary [U there exists K{£) = K{e,V{fj,)) 
such that 

ft 



-'^(^^\Vu{;t),b{;t)Vu{;t))HO < Q + ^ 



-2K{e)si 



{■,s)\\jjods 



yt G (o,r), hex^ 



(24) 
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Let p{h, t) = J /q \\h{-, s)\\'j^ods and q{u, t) = (Vu(-, t), b{-,t)Vu{-,t))HO ■ It follows that 

sup , , g < - + g vte(o,r . 



Hence 



1 fl \ l_(,~2K{e)t 

sup , ,M u, t)<[- + e]+ snv , t). Vt G (0, T). 



By (IMD, 



Hence 



q{u, t) < e2^(^)* Q + tp{h, t) Vt G (0, T), /i G 



1 _ e-2^(^)* 

sup -r. — ^ — qiu, t) ^ as t Q + > 0. 

If /i G then p{h,t) \\h{-,Q)\\\o as t 0+. It follows that 

— q{u,t) . /I 

hm j_,o+ sup II , < o + e 

for any e > 0. Then ^ follows. This completes the proof of Theorem [2l □ 

Proof of Theorem\^ Repeat that u{x,t) = e^^UK{x,t), where u is the solution of problem 
([1]) and UK is the solution of ([T2|) for hK(x,t) = e~^^h{x,t). Therefore, it suffices to find n, D, 
b, f, A such that 

Vr>0,c>0,i^>0 3heL2{Q): 

iVu{;T),b{;T)Vui;T))HO > ^ " || , t) ||^o , (25) 

where u is the solution of problem p2p . 
Let us show that (|25]l holds for 

n = l, D = {-tt,tt), b{x,t) = l, f{x,t) = 0, X{x,t) = 0. (26) 

In this case, p2p has the form 

"^'t — "^xx ~ ~^ ^1 it(a;,0)=0, u{x,t)\xedD = ^1 (27) 

Let 

7 = + K, /im(a;, t) = s\n{mx)e'\ (28) 
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where m = 1, 2, 3, . . .. It can be verified immediately that the solution of the boundary value 
problem is 

rt rt g27t _ 

n(x, t) = sin(mx) / e~'^^^~^^~^'^^ ds = sm.{mx)e~'^^ / e^"''' ds = sm.{mx)e~'^^ . 

Jo Jo 27 

Hence 



|m^(-,T)||^o = m^ll cos(mx)||^oe ^''''^ ^- 



m ne 



27 J Ay 



2 



and 



,t)\\j^odt = ||sin(mx)|||^o / e^^^dt 



T 



e 



27T _ I 



vr- 



27 



It follows that 



\\<{;T)\\lo WK-Mlodt^ = ^e-^^^(e2^^ - 1) = ^{1 - e"^^^) ^ ^ (29) 

as 7 ^ +00. In particular, it holds if K is fixed and m +00. It follows that ([6]) holds. This 
completes the proof of Theorem [3l □ 

Proof of Theorem^ Let the parameters of the equation be defined by (j26|) . Consider a 
sequence {Tj} such that Tj ^ 0+ as i — > +00. Let h = hm be defined by (|28p for an increasing 
sequence of integers m = mi such that mj > T^"^ . In that case, ()29p holds since yT — > +00. 
Then (HD holds. □ 

Proof of Theorem O For > 0, introduce operators 

Bku = e^(-W-*) r(t))T Vn(x, r(t)) + ^(x, r(t)) n(x, r(t))) . (30) 

Note that u E is the solution of the problem ([9]) if and only if UK{x,t) = e~^*u{x,t) is the 
solution of the problem 

^ = AuK-KuK+BKUK + hK, tG(0,T), ^^^^ 
Uii'(x,0)=0, Uii-(x,t)|a;ga£» = 0, 

where hK{x,t) = e~^^h{x,t). In addition, 

\\u\\y2 < e \\uk\\y2-, \\hK\\L2{Q) - II^IIl2(Q)- 

Therefore, uniqueness and solvability in Y'^ of problem ([9]) follows from existence of > such 
that problem (j3T]) has an unique solution in Y^. Let us show that this K can be found. 
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We introduce operators ■ L2{Q) such that u = F^h is the solution of problem 

Let g € L2{Q) be such that 

g = h + Bkw, where w = F^g- (32) 

It can be rewritten as g = h + Rk9, or 

g - Rxg = h, (33) 

where the operator Rk ■ L2{Q) L2{Q) is defined as 

Rk = BkFk- 

In that case, uk = Fxg eY^ is the solution of (l3T]) . 
Let us show that there exists K > such that 

\\Rk\\ < 1. (34) 

Let w = Fxh. By Theorem [T] reformulated as Lemma [U for any e > 0, M > 0, there exists 
i^(e,M,7'(/u)) > such that 

sup ({Vw{-,t),b{-,t)Vwi-,t))HO+M\\w{-,t)\\lo+M [ {Vw{-,s),bi-,s)Vw{-,s))Hods) 
te[o,T] ^ Jo ^ 



1 



< [2+')\\^\\UQ)ds yheL2{Q). (35) 
Let w{x,t) = w{x,T{t)), P{x,t) = j3{x,T{t)), and b{x,t) = b{x,T{t)). By the definitions, 

WRkHl^^^q) = \\Bkwk\\l2{Q) < \\P'^'^w\\l2{Q) + Cf3\\w\\L2{Q), (36) 
where C/j = sup^. ^ |/3(x, t)\. Clearly, 

ll^^VtJIli < r sup ||^(-,t)^V^)(-,t)||^o <T sup m;t)'^Vw{;t)\\]io, (37) 

te[o,T] te[o,T] 

\\w\\l,n)<T sup \\w{-,t)\\jjo <T sup ||u'(-,t)||^o. (38) 
te[o,T] te[o,T] 

Further, let > 0, M > 0, and e > 0, be such that (135]) is satisfied and 

62 < 1, Sj + 6l + 252^3 < 1, (39) 

where 



= J (2 - 5i) ( i + A ^3 ^ cJtM-^ (1 + e ) . (40) 
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By (I3Zl)-(jlO]),and (HU}, it follows that 
\\P^Vw\\l^^Q.<T sup m;t)'^Vw{;t)\\lo < (2 - ^i) sup (Vu;, 6Vu;)ho < <5i||/i||2 . 

tG[0,T] iG[0,T] 

In addition, we have that 

Cl\\w\\l^Q^<TCl sup |lu;(.,t)||^o <rC|M-i(i + e)||/i||i^(Q)ds<5i||/i||i^(Q). 



By (I2SD, it follows that 



2 



l|i?i^/i|lL(Q) < (11/3 ' vu?iu,(Q) + c^i|u^i|l,(q) j < (^i + 2^2^3 + 5i) ll^llL(Q)- 

By ([39]) . it follows that holds, where the norm of the operator i?/^ : L2{Q) ^2(<3) is 
considered. It follows that the operator {I—Rk)~^ : L2{Q) — > L2{Q) is continuous. By ([32]) - (j33]) . 
UK = Fk{I — RK)~^hK is the solution of problem ([3T]) for /i^i: S L2{Q). 

The choice of i^, M, and e, depends on V, Si, and sup^ ^ \(3{x,t)\ only. Hence 82 and (53 
depends on these parameters only. It follows that the norm of the operator {I — Rk)~^ ■ L2{Q) — > 
L2{Q) can be estimated from above by a constant that depends only on these parameters. This 
proves the estimate for the solution stated in Theorem [5l This completes the proof of this 
theorem. □ 

Proof of Theorem is based again on (135p . It is similar to the proof of Theorem [5l with a 
minor modification: instead of (j37l) . we use that 



Jo Je 



(9) 

T 



|/3(-,r(t))^Vn(.,r(t))||2,o dr^t) < 6, J^^ ^ Vu{., s)\\%,ds 



<c {Vu{-, s),b{-, s)Vn(-, s))Hods, 
Jo 

where c is a constant that depends on 5, 5^, and sup^ j \(3{x,t)\. □ 

It can be seen from the proofs that the approach used for Theorems [5]l6] can be extended on 
more general delay operators represented by integrals accumulating the past values. 
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